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Abstrat
In this paper we study the eet of spaetime nonommutativity in the 5-dimensional
Randall-Sundrum brane worlds on the Casimir fore ating on a pair of parallel plates.
We show that the presene of a nonommutative sale length aets the nature of the
Casimir fore for small plate separation. Using aurate experimental bounds for the
Casimir fore in parallel plate geometry, we nd an upper bound for the nonommutative
uto of the order of 10
3
TeV, and that the size of the interbrane distane in RSI model
is approximately given by kR . 20.5 and kR . 18.4 for k = 1019 GeV and k = 1016GeV,
respetively.
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Casimir Fore, Warped Extra Dimensions, Randall-Sundrum Models
1 Introdution
String theory suggests that the spaetime we live in might be higher dimensional and theories
with extra dimensions have reeived muh attention in high energy physis, espeially in the






our four-dimensional universe is a hypersurfae alled brane embedded in a higher dimensional
spaetime alled a bulk. Aording to this brane world senario, gravity and other exoti matter
an propagate in the bulk, while all matter and gauge interations are onned on the brane.
On the other hand, one of the most important questions in partile physis today is how to
explain the huge disrepany between the gravity sale MPl and the eletro-weak sale MEW.
The rst braneworld senario addressing the problem of the mass hierarhy is the Arkani-
Hamed-Dimopoulos-Dvali (ADD) model with n at ompatied large extra dimensions of size
L [3℄. In this senario, the observed Plank sale is the produt of the fundamental Plank
sale of the full volume of the bulk and the volume of the extra dimensions
M2Pl = L
nM2+n4+n . (1)
Therefore, in the ADD model the fundamental Plank sale ould be muh smaller than the
Plank sale and ould be omparable to the eletroweak sale if more than one extra dimension
are used.
Major progress has been made by Randall and Sundrum (RS) who onsidered a warped 5-
dimensional bulk geometry ompatied on a S1/Z2 manifold, and provide an alternative ap-
proah to explain the huge disrepany between the eletroweak sale and the Plank sale
[4℄. The geometry is that of a 5-dimensional Anti-de-Sitter spae (AdS5), whih is a spae of
onstant negative urvature. There are two RS senarios: in the RSI senario, the geometry
ontains two 4-D at branes loalized at y = 0 and y = L, respetively. The Plank brane (hid-
den) with positive tension where gravity is loalized, and the TeV brane (visible) with negative
tension where all standard model elds are onned, that bound an extra dimension whih is
ompatied to S1/Z2 orbifold. In this senario, the 5-D gravity is soured by the two 4-D
at branes with opposite tensions and a nely tuned non-vanishing 5D osmologial onstant.
Sine the two branes are ompletely at, the indued metri at every point along the extra
dimension has to be the ordinary at 4-D Minkowski metri, and the omponents of the 5-D
metri depend only on the fth oordinate. Thus, the most general spaetime metri satisfying
these properties is given by
ds2 = e−2k|y|ηµνdxµdxν − dy2, (2)
where y is the physial distane along the extra dimension. The quantity e−2k|y| is the warp
fator whih measures the degree of urvature along the extra dimension. The parameter k,
whih governs the degree of urvature of the AdS5 spae, is assumed to be of the order of the
Plank sale. Considering the utuations of the metri (2), one obtains the expression for the





1− e−2πkR) , (3)
where M5 is the fundamental 5-D gravity sale.
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In the seond Randall-Sundrum model (RSII), the bulk is innite and there is only one brane
with positive tension loated at y = 0. In this senario there is no mehanism to solve the
hierarhy problem. The spetrum of RSII is ontinuous and onsist of all m > 0 KK modes,
and there are no O(TeV) signatures for this model at the olliders. The innite extra dimension
makes a nite ontribution to the 5-D volume beause of the warp fator, and the eetive size
of the extra dimension is 1/k.
On the other hand, it is established that string theory indued nonommutative (NC) geometry
[5, 6, 7℄ provides an eetive minimal length theory to study short distane physis. Also one of
the most interesting onsequenes of all promising quantum gravity andidates is the existene
of a minimal observable length on the order of the Plank length. The idea of a minimal length
an be modeled in terms of a quantized spaetime and goes bak to the early days of quantum
eld theory [8℄ (see also [9℄-[12℄). However, in a senario with extra dimensions, it is expeted
that the eets of the string inspired NC sale beome important at the same energy sale
at whih the eetive extra dimensional models predit new physis. Thus, the NC minimal
length should be lowered down to TeV energies [13℄.
A powerful tool to probe the existene and physial impliation of extra dimensions, by studying
the quantum utuations of vauum in higher dimensional spaetime, is the Casimir eet [14℄.
The later is a fundamental aspet of quantum eld theory in onned geometries and depends
ruially on the dimensionality and topology of the spaetime. Atually the preision of the
measurement of the Casimir eet has been greatly improved [15℄, making the Casimir eet to
be remarkably observable and a trustworthy manifestation of the quantum utuations. The
Casimir eet as the physial manifestation of zero-point energy has reeived great attention,
and has been extensively studied. The eet has been investigated in the ontext of string theory
[18℄, and with its relation in stabilizing the radion in the Randall-Sundrum model [19℄. The
Casimir eet for parallel plates geometry has been also studied for a salar eld in spaetime
with ompatied universal extra dimensions [20℄ and for massless bulk eld in the Randall-
Sundrum models [21℄, and for massive and massless salar eld in a Randall-Sundrum type
braneworld onsisting of a single brane extended by one ompat extra dimension [22℄. Reently,
the standard Casimir eet in the presene of a minimal length, arising from NC spaetimes
and generalized unertainty priniple (GUP), has been also onsidered [23, 25, 24, 26℄.
In this paper we investigate the possible eets that a NC sale length might have on the Casimir
fore for massless bulk salar elds onned between two parallel plates in the 5-dimensional
RS brane worlds. In our setup, in order to maintain Lorentz invariane, the nonommutativity
between oordinates is only implemented on the brane. For simpliity, we adopt the salar
eld-photon analogy to alulate the Casimir fore due to the eletromagneti eld [27℄. In
setion II, we give a brief review of the realization of spaetime nonommutativity in the RS
models. In setion III, we alulate expliitly to leading order, in the ase where the interbrane
3
distane is larger than the NC sale length, the renormalized Casimir energy and fore ating
on the plates. In setion IV, we perform a numerial analysis of our analytial expressions, and
disuss the onsequenes of the presene of the NC uto on the nature of the Casimir fore.
Our onluding remarks and summarized in setion 5.
2 Nonommutative spaetimes
It is a ommon lore that any onsistent formulation of quantum gravity leads to the appearane
of a minimal length of the order of the Plank length. A partiular implementation of suh
a minimal length an be realized in the so alled NC eld theory on spaetimes where the
oordinates satisfy the following struture relations
[xµ, xν ] = iΘµν , (4)
and where Θµν is an antisymmetri Lorentz tensor. An immediate onsequene of these relations
is the following generalized unertainty priniple (GUP) and minimal length
∆xµ∆xν ≥|Θµν |, ∆x ∼
√
|Θ|. (5)
These relations go bak to the early days of quantum eld theory and appeared for the rst
time in the pioneering work of Snyder [8℄. These are also the struture relations satised, in the
ontext of string theory, by the endpoints of open strings in non trivial RR ux bakgrounds
[5, 6, 7℄.
In this setion, we implement the spaetime nonommutativity on the brane in the RS senario
using the method based on the oherent states representation [28℄.
A D-dimensional NC brane an be dened in terms of spaetime oordinates xµ (where µ =
1, 2, . . . , D) on the brane whih satisfy the struture relations (4) and
[xµ, y] = 0, (6)
where y is the extra dimension.
A suitable rotation transforms the tensor Θµν into a blok-diagonal form,
Θˆµν = diag
(










In order to have full nonommutativity, one needs to work in a spaetime that has an even
number of dimensions. Then, the D = 2 d oordinates an be represented by d two-vetors:
xˆµ =
(




~ˆxi ≡ (zˆ1i, zˆ2i) are two-vetors in the i-th NC plane suh that
[zˆ1i, zˆ2i] = iθi. (10)
Let us then onstrut a set of ommuting ladder operators from the NC spaetime oordinates.








(zˆ1i − i zˆ2i) ,
(11)





= δij θi . (12)
The operators aˆi and aˆ
†
i an be established as annihilation and reation operators of a harmoni
osillator, and oherent states form a suitable basis in the Fok spae. Normalized oherent
states an now be dened as








α∗i aˆi − αi aˆ†i
)]
| 0 〉 , 〈α | α 〉 = 1, (13)
where | 0 〉 is the vauum state annihilated by all aˆi.
Using expetations values over the oherent states, we an assoiate ordinary funtions to any
operator-valued funtion as follows
F (α) = 〈α | F (xˆ) | α〉, (14)





















i + i (~p · ~x)i
]}
, (15)
where pi is the momentum anonially onjugate to the spaetime oordinate xi. In a 4-D
NC brane we have two suh NC planes (d = 2) and it is worth noting that, for omplete
spaetime nonommutativity and θi > 0, the damping fators are positive both for time and
spae momentum omponents, regardless if a Minkowski or Eulidean metri is used.
In the following, for simpliity, we will assume that the parameters whih desribe nonom-
mutativity in the i-th plane in Eq. (10) are all the same, θi = θ > 0. Using the generalized

























and the ladder operators bˆ~p and bˆ
†





= δ(3)(~p− ~p′). (18)













where Π(t,x) = Φ˙(t,x) is the onjugate momentum eld. Using the expansion of the salar























whih is nite due to the Gaussian damping fator whih dominates at large p.
After these brief review of anonial NC salar eld in the oherent state representation, we
turn now to study the Casimir eet in NC RSI and RSII Brane senarios.
3 The Casimir eet
In this setion, we evaluate the Casimir fore for a massless salar eld onned between two
parallel plates in the NC 5-dimensional RSI braneworld senario. We impose the standard
Dirihlet boundary ondition on the wave vetor in the diretion orthogonal to the plates
Ψ (xµ, y)|∂Ω = 0, where ∂Ω is the loation of the plates on the brane. The KK spetrum for
the bulk salar eld has been disussed in the literature [29℄, and for the non-zero modes it
onsists of a tower of modes exponentially suppressed and given by




where κ = πke−πkR. The approximation in the above equation is valid asymptotially for
N ≫ 1, or equivalently πkR ≫ 1, but is already very aurate even for N = 1, where the
deviation from the atual value is about 0.03.
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The Casimir energy density per unit plate area will be then obtained by summing up the







+ k2N , (23)






y , L is the distane between the plates and the





















where A is the area of one plate, and we have subtrated the ontribution of the modes polarized
in the diretion of the brane [30℄. The fator p aounts for the possible polarizations of the
photon. In our ase p = 3 in 4-D spaetime, and we have taken into aount the overall fator
of 2 for the volume of the orbifold, whih anel the usual 1/2 fator. The rst term in Eq.(24)
ontains the NC ontribution without the RSI senario (kN = 0), and the star indiates that


































where the term with the polarization fator p′, orresponds to the ase of a massless salar eld
loalized on the NC spaetime without the RS senario.
















where we have dened the fundamental NC sale lnc = ~
√



























where Γ(α, z) is the inomplete gamma funtion. Using ( 27) and the following formula



































































































2 + a2(n2 + c2)
]−s
, (33)

















































where the rst term with the polarization fator p′, is the expression of the Casimir energy on
NC spaetime without the RSI brane senario.


















k2 + κ2/16. (36)
The integrals over k an be alulated diretly in terms of the modied Bessel funtions, but
in order to easily identify the divergent terms of the same nature as the ones in Eq.(35), we
follow another method. Let us start with the seond term in Eq.(36) and denote it by J . We
rst deompose the integral over the three dimensional momentum to a produt of integrals
8





































k!Γ(−k − 1/2) . (38)
The rst term in Eq.(36) is obtained just by making the substitution κ2/16 −→ κ2(N+1/4)2 in
Eq.(38), and performing the summation over N . Colleting the resulting expressions we obtain



















Here we note the appearane of a natural perturbation parameter, lncκ, whih is in fat the
ratio between the NC length and the interbrane distane in RSI model. In the following, we
onsider the natural hoie, lncκ < 1, whih means that the NC length is smaller than the






































































































Now, we use the following expansion of the Epstein-Hurwitz zeta funtion type [31, 32℄


























































































is the Hurwitz zeta funtion.
Substituting these relations in Eq.(41) with s = −3/2 and s = −5/2, respetively, it is easy to
observe that the divergent terms, whih are proportional to Γ(−2) and Γ(−3), are exatly the
same ones in (40). Then, the renormalized Casimir energy takes the expliit form

































































































Dening the redued Casimir fore FRSIC = FRSIC /κ4 and the dimensionless parameters λ = lncκ
10
and µ = Lκ, we nally obtain









































































where we have used the dierentiation rule for the Bessel funtions ∂zKν(z) = −12 [Kν−1(z) +Kν+1(z)].













whih oinide with the expression already obtained in [23℄, but diers from the one reently
found in [24℄ using the Euler-Malaurin formula. Up to the order of perturbation we have used,
the NC ontribution due to the RSI senario given by the two last terms in (45) an be repulsive,
and then stabilize the interbrane distane. Let us note that the expression of the Casimir fore














4ν2 − (2m− 1)2) . (47)
Then, it is enough for a numerial study of the Casimir fore to onsider only the sum of the
rst terms.
Let us now derive an asymptoti expression for the Casimir fore valid for µ ≫ 1. Sine
Kn(x) ∼
√
π/2x exp(−x) for large x, we may retain only the terms with N = 0 and n = 1 in
Eq.(45). Thus we obtain






We observe, that in the ommutative limit (λ = 0), there is no RS ontribution to the Casimir
fore, for µ ≫ 1. Indeed, in the regime µ ≫ 1, the seond term in Eq.(48) is a purely NC
eet. Taking into aount that λ plays the role of a uto on the 3-dimensional brane, the
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orretion term in Eq.(48) is of the same form as the leading term in the asymptoti expression
of the Casimir fore for a salar eld with mass m = κ/4 onned between two parallel plates
in 5-dimensional spaetime [30℄.
Now, we should proeed to the alulation of the Casimir fore in the 5-dimensional RSII model
on NC spaetime oordinates. In the RSII model the KK spetrum is ontinuous due to the
suppression of the seond boundary at y = πR, and it onsists of all m > 0. Then, the extra
mode summation over N in Eq. (24) is turned into an integration with measure dm/k [4℄, and
the Casimir energy in the presene of the plates is

























Following the method of alulation used in the ase of the 5-dimensional RSI model, we obtain


















Ignoring terms whih do not ontribute to the Casimir fore and working to leading order in
the NC sale, we obtain



































Using Eq.(43) and ignoring again terms independent on L, we have









































This expression ontains divergent terms and must be renormalized by subtrating the ontri-
bution of the energy without the plates. Indeed, the Casimir energy for the RSII model without



















Then, the renormalized Casimir energy reads as





























πΓ (q + 1/2),
we obtain































































, is the standard Casimir fore. The seond term in the rst square
brakets is exatly the attrative ontribution of the RSII senario without the minimal length
[21℄, while the seond square brakets ontain the NC repulsive RSII ontribution, respetively.
However, by the GUP, we know that any physial harateristi length of the model that is
experimentally aessible, must be greater than the minimal length. Then, we have lnc < L,
and due to the fator 1/kL, the orretion term multiplying F StandC is of the order of unity suh
that the Casimir fore is always attrative.
4 Numerial analysis
In this setion, we proeed to a numerial analysis of the Casimir fore in RSI brane senario,
partiularly the impliations of a non zero NC sale length. In Fig.1, we show the variation of the
redued Casimir fore as a funtion of the dimensionless plate separation µ for dierent values
of the dimensionless NC sale length λ. For the sake of omparison we use the experimental
results F exp±C = −KC/µ4/κ4 where the Casimir fator is KC = (1.22± 0.18) · 10−27 N/m2 [15℄.
We observe, that for λ . 10−2 all the urves oinide and lie within the experimental bounds,
and it is observed that there is no ontribution oming from the RS senario. From Fig.1,
we observe also the attrative harater of the Casimir fore as it is expeted from Eq.(48),
valid for large plate separation. Now, to srutinize the nature of the Casimir fore for small
plate separations, we have to extrat some useful information about the admissible values of
the NC sale length. Using the experimental bounds of the Casimir fore given above, we solve
F exp±C = FC for the NC length λ. It should be noted that only with F exp−C that one obtains
real solutions in the large plate separation regime. The resulting solution is plotted in Fig.2
as funtion of the plate separation µ. We observe the existene of two branhes of solutions
with a gap between them. In fat, at the the rst order approximation used in our alulation,
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, where T is the sum of terms multiplying λ in Eq.(45), and
it is found that the denominator is negative for values µ lying in the gap. On the other
hand, we have not used the experimental bounds on the fore, F exp+C or the arithmeti average
(F exp+C + F exp−C ) /2, sine they reprodue only the values on the rst branh. For our purpose,
we rejet the rst branh sine it orresponds to very small plate separations whih are far from
being probed experimentally, and onsider only the seond branh starting at µ0 = 3.0029. The





m, respetively. In onlusion, we an set the following bound on the NC sale
length, Λnc . 10
3
TeV, where Λnc = 1/lnc.
Figure 1: The Casimir fore versus large plate separation µ for dierent values of the dimen-





a ±15% error level.
The behavior of the Casimir fore in the regime of small and intermediary values of plate sep-
aration is shown in Fig.3. We observe that for lnc . (lnc)0, the Casimir fore is attrative in
the whole region, and beomes repulsive for lnc > (lnc)0. Then, up to the order of perturbation
we have used, the NC part of the Casimir fore ontribute to the stabilization of the radion.
However, if we aept the experimental evidene that the Casimir fore for parallel plate geom-
etry is always attrative, the NC uto is then Λnc . 10
3
TeV, whih is stronger than the ones
available in the literature. Currently, the most robust lower bound on the NC sale Λnc & 1
TeV, omes from the Z −→ γγ deay originating from the renormalizable gauge setor of the
nonommutative standard model (NCSM) [16℄. However, a reent analysis using the big-bang
nuleosynthesis (BBN) restrition on the number of neutrinos speies gives Λnc & 3 TeV and
Λnc & 10
3
TeV for ∆Nν = 1 and ∆Nν . 0.2, respetively [17℄.
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Figure 2: The dimensionless NC length λ as a funtion of the dimensionless plate separation µ
for FRSIC = F exp−C .
Figure 3: The Casimir fore as a funtion of the plate separation µ for small NC length .
Finally, we look for the possible values of the interbrane distane kR for non zero NC sale
length. In Fig.4 we show the variation of the Casimir fore as funtion of kR for k = 1019 GeV
and k = 1016 GeV, respetively. Our analysis is performed with the plate separation L = 0.5
µm, and dierent values of the NC sale length lnc. In the left and right panel we observe
that, for a NC sale smaller than 10−2 µm, the upper bound for kR is around 20.5 and 18.4,
respetively.
15
Figure 4: The Casimir fore as a funtion of the interbrane distane kR in the RSI model for
plate separation L = 0.5µm. a) k = 1019 GeV and b) k = 1016 GeV. The dash, dot and dash-dot
urves are for lnc = 0.01, 0.05 and 0.1µm, respetively.
Before ending this analysis on the nature of the Casimir fore in the NC RSI brane senario, let
us omment about the reent nding of the author of ref.[33℄. Disarding the ontribution of
the fore without the braneworld senario, the author laims that the Casimir fore in the RSI
model beomes repulsive when µ < 0.156. We have performed the alulation starting from
Eq.(45) with λ = 0, and we have observed no deviation from the attrative harater of the
Casimir fore. It is only the presene of a NC uto whih reveals the repulsive harater of
the Casimir fore in the small plate separation regime. Finally, the numerial analysis of the
Casimir fore in the NC RSII model shows no observable deviation from the standard attrative
Casimir fore even with a repulsive NC ontribution. As an indiation of this observation, we
have taken L = 0.5 µm and k = 1019 GeV and found that the orretion term to the standard
Casimir fore is of the order of 10−40.
5 Conlusion
In this paper, we have have analyzed the eets of spaetime nonommutativity on the Casimir
fore in 5-dimensional Randall and Sundrum (RS) braneworld models. We derived to leading
order in the NC length, whih orresponds to the ase where the NC length is smaller than
16
the interbrane distane, the expressions of Casimir energy and Casimir fore for bulk eletro-
magneti eld onned between parallel plates in the RSI and RSII models. Using aurate
experimental measurements of the Casimir fore for parallel plates geometry to set bounds on
the NC uto, we found that for a uto of the order of Λnc > 10
3
TeV, the NC part of the
Casimir fore ontributes signiantly and that the fore develops a repulsive part for small
plate separation, whose loation depends on the value of the NC uto. However, we found
that for Λnc . 10
3
TeV, the Casimir fore is always attrative. Finally , analyzing the variation
of the Casimir fore as a funtion of the interbrane distane kR for xed plate separation and
dierent values of the NC uto, we found that kR . 20.5 and kR . 18.4 for k = 1019 GeV
and k = 1016 GeV, respetively, onrming the previous nding of [21℄.
We also performed the alulation of the Casimir fore in the NC RSII brane model, in whih
the 3-brane at the boundary y = πR is at innity. We obtained an analytial expression
for the Casimir fore between the plates, whih shows that the fore ontains a repulsive NC
ontribution but remains attrative, and that the deviation from the experimentally measured
fore is too small to be signiant. This supports previous ndings that RSII brane senario
has no low energy measurable onsequenes.
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